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ABSTRACT

In this paper we obtain coincidence point and common fixed point theorem for contraction type
mappings satisfying a contractive inequality using generalized altering distance function in
ordered uniform spaces. In this paper I considering sequentially complete Hausdorff ordered
Uniform space, four sequentially continuous mappings and their pairs are compatible and two
mappings are increasing with respect to other two.
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INTRODUCTION

The well known Banach fixed point
theorem for contraction mapping has been
generalized and extended in  many
directions. Since the uniform spaces form a
natural extension of the metric spaces, there
exists a considerable literature of fixed point
theory dealing with results on fixed or
common fixed points in uniform spaces.

A new category of fixed point
problems was addressed by Khan et
al®.They introduced the notion of an
altering distance function which is a control
function that alters distance between two
points in a metric space.
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Definition 1.1'

The function ¥:[0.+%])—10.+e2) g
called an altering distance function, if the
following properties are satisfied:

(1) ¥ is continuous and non decreasing,
) ¥®=0ifand onlyift=".

Altering distance has been used in
metric fixed point theory in recent
papers®®!'""'*. Choudhury® also introduced
the following definition.

Definition 1.2
A 7% =% mapping , where
is a metric space is said to be weakly C-

contractive if for all ©¥ €% | the following
inequality holds:

¥, d)
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d(fx. fy) 5; [dix, fy) +dly, F01 — pld(x. f3).d 0y, fx))

Where ¢:[04+2)° =[0+2) 5 4
continuous function such that?®: =0 jf
and only if = £= 0

In® the author proves that if X is
complete then every weak C- contraction
has a unique fixed Point. Also fixed point
theorems in partially ordered spaces and
sequentially complete Hausdorff ordered
uniform spaces are given in'*>"1%.

In this paper we establish some
coincidence and common fixed point results
for four self mappings on a Hausdorff
sequentially complete ordered uniform
spaces satisfying a generalized weak C-
contractive  condition  which involves
altering distance function.

Now, we recall some relevant
definitions and properties.

We call a (y ) pair to be a
uniform space which consists of a non
empty set X together with a uniformity U. It
is well known (see Dugundji® and Kelley"
that any uniform structure U on X is induced
by a family D of pseudometrics on X and
conversely any family D of pseudometrics
on a set X induces on X a structure of
uniform space U. In addition, U is Hausdorff
if and only if D is separating. A family

D={ds:ae A} of pseudometrics on X is said
to be separating if for each pair of points
Y EX With* ¥ there is a 4 such
thate®y) =0,

Consider a uniform space 1) with
a uniformity U induced by a family

—f3 - 1 .
D=1idy:a €Al of pseudometrics on X. A

sequence bead of elements in X is said to be
Cauchy if for every = % and % € 4, there is
an N with cWnfnad <2 for a1l 724 gpd
KEZ'  The sequence rad i called

E

. . - b'd
convergent if there exists an ¢ =< such for

every £~ % and “ €4, there is an N with

de(rnxo) < Sor o] ® =N A uniform space

is called sequentially complete if any
Cauchy sequence is convergent. A subset of
X is said to be sequentially closed if it
contains the limit of any convergent
sequence of its elements.

Let X be a non-empty set,

frg: s X=X are given self mappings on X.

If W=Fx=gx=hx=5% o, gome* € X, then
* s called a coincidence point of /9™ and®,
and *is called a point of coincidence of
F8h and 5 If W=% then ¥ is called a
common fixed point of £+ and =,

Definition 1.3’

Let % <Jpe a partially ordered set.
Two mappings are said to be weakly
increasing if /* < 8% and 8% <78% for all
xeX _

Let X be a non-empty set and
haX-X : :

be a given mapping. For every

TEX we denote by ") and 5 the
subset of X defined by:

) = {fu e Xln(w) =1}

And sy =lueXlsl) =x)

Definition 1.4

Let f@mhsX=% are given self
mappings on X. The pair (f.9) is said to be
compatible if Mn-= do(fg%nafxa) =0 for

each “ €4, whenever brnlis a sequence in X
such that lim, . fx,=lim,_ . gx, =t for
some £ € %,

MAIN RESULT

Theorem 2.1 ’ _

Let U=l pe a sequentially
complete Hausdorff ordered uniform space.
Let f-@mhsif=X pe given mapping
satisfying.

G)  fYChY.gY CkX
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() 8" and ¢ are sequentially
continuous, o o

(ii1))  the pairs (Fh)and 98 are
compatible,

(iv) { and @ are weakly increasing with
respect to 7 and ¥.

e EA

Suppose that for every and

%Y €4 guch that ™ and ¥ are comparable,
we have.

bl ) b5 alhn ) + oy ] - aldfingy) iy )

Where for each
o €4 9g: [0 +@) = [0.+%) s an  altering
distance function and ¥s:[0+%)* = [0, +cc)
is a continuous function with ®a(=:t) =0 jf
and only if £ =5 =0,

Then f+ 9+ and ¥ have a coincidence
point ¥ €% that is, /4 = g% = hu = fu

Proof

Let *be an arbitrary point in ¥,
Since ¥ S A% there exists *: =¥ such that
Axy = %0, Since 9% S*X | there exists ¥z £ ¥
such that ©*z= 8%, Contmumg this process,

we can construct sequences el and Dt in

X defined by.

Yo = fim = Mg Vet = Pl = Kipay YRE E+_ L2
By  construction, we have

Xapes € AT (2, and Fm+zE R:_L(Q-"-:ﬂﬂ.:]’

then using the fact that / and g are weakly

increasing with respect to 4 and k, we

obtain.

Rigpsy = flion < Ghonss = Kign,g ¥t € 27 U {0}

ExXznes = F%nes = [Zonezs = hxgea Then

|"°L‘£-'1 = h-.'-‘[-'g = e = MH - ﬁxn+1"=’: Or

Yo = ¥t E Vg S <

R opsq

Since i and are

comparable for each ¢ €4 by inequality (1),
we have.

ﬂ’m R(}:Hl}‘?2+1} } - wa(da[}c‘?:.—u.@ X 2 ;+1}J

=Ye { [de (Rt gn G 2n41) + do ()inwk-"'in+1}])

—Wm(fiaimf’:w&'x:n-}l}- ds":fx:nﬂ'ix:ml}]
SR (I E RN, PER M) )
— (d (zn—1. '!-":n+1::'ni¢(}':m,":n]}
—wm( da(¥2n-1,7 ‘H+1)\J Paldsz(V2n—1,V2n+1),0)
=g (1 e (V2 1J}m+ﬂt)

Since Va ; is a non decreasing function,
we get that.

. 1
Ao ¥on Vons1) = Edmﬁ’zn—b}’znﬂ]

By triangular inequality, we have.
drz(}:i‘n—li}"zrﬁl ) = dﬂ:(—}:: n-1:¥n } + dcr(}"lm}rlrﬁl]

................. eveeneeennnnd Thus

do(¥on yome1) S dalyon-1¥2n) 5
dm(}‘2n+ll}?ﬂn+2 ) = dﬁ(vg”’}!gn-}l j:[ 6
daWns1¥n2) £ dal¥nad 7

It follows that the sequence
{delym¥nea )} is monotonic decreasing.

Hence, there exists " such that.
hm dfi{.}n.'}n+lj =¥ g
By (4) we have
1

d(l”m}”n-l-i]{' ‘i(l"n 1Y n-l-i] Z[drz( =070 H-f (,"ml“n-l-l;]
.................................................... 9
Taking ™ ~ * and using (8), we get-
r= lim - da(}ln -1 '!'m+1} ;—(F + r'}l

nee ....10
lim — dﬂ.(‘!’ 2n—1 .:"mz+1}l =2r
e T 11

— GO

Taking ™ in (3) and using the
continuity of Var¥a gnd (8), (11) we get
that-

- 1 Y . . i
Yig () = g, kz 20) | — @a(2r, 0 = . )
A

Which implies that ®al2r,0) =0 and
hence T_= ﬂ, so we have.
;r}i—rnolc dﬁi{}.‘n'l "rﬂ_l.l} = {] 19"5[ E ,!q 12
(e
To prove that O is a Cauchy

sequence in X, it is sufficient to show that

{}"2.'4 }

is a Cauchy sequence. Suppose to the
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{ve]

Then there exists “°

is not a Cauchy sequence.
€4 and £ > O for which

we can find two subsequences {amo) and

{"’ n "3'} of ) such that n(k) is the smallest
index for which,
(k) >m(k) >k dy,(YampgVani) 2 2 13

contrary, that

This means that,
Do (V2mrVantr—2) < £ 14

Therefore, we use (13), (14) and
triangular inequality to get,
£ = dn:,;.'[}’zm{k}s}’:n- P
S do i Y1) P * Ot V)
< £+ do,(Yont-2 ¥ eniii2) + Gay Vantio-1Van i)

kE—=om

Taking in the above inequality
and using (12), we find,

lim dﬁ.,;.{., 2k ¥in(i) ) ]'— &

moe T T T 15
On the other hand, we have, _ u
|dﬁtn{,}"2m(k}-ll}:2?ﬂik}.]. - da:n(}"lm(k}i}"i‘mfk:l,," = dau{‘}:}‘.m(k}—l‘ F!n(k)“]
Taking © 7 % in the above inequality
and usmg (12), (15) we ﬁnd

lim dg, "-};m' - l}muk}} =E

moe T T T T T, 16
On the other hand, we have, ‘. “
dg, { Yamix) V2 mk]} Eg{‘}"émi:k}-‘yﬁn‘:k}+1‘.}+ dan{}":m]k}+1ﬂ}’:nik})

Taking k=@ ih the above inequality

and using (12), (15) we have,

£ = lim dﬂin {_, 2l k) Vinl k}+1}

moes T T 17
Also, by triangular inequality, we
have, \
dﬁzn{}":m(kh }"Enl:?-:]l,]' = dﬂin{ Vom0 Vami -1, } +
dmn[}’:m(k}—l.u }’zuijk}+1,} + dau[\}’zni )+ }":w:k},]

Taking again = ® in the above

inequality and using (12), (15) and (16) we
find,

€= limd m.:.(}": () =1 Vonia)+1)
Similarly, we can show that,

¥an -'k}+:|_:} ==

Jim dog (Yamca-1.
lim dan‘{hmn =1 ¥ 2n(eh+1 )=«
moem T T T T T 18

From (1), we have,

lpct;.( IID( "l Yim( L}:l ‘Prx[( ( Xonli):H¥X2m(0) JJ
—'Przn( (6 (Vauta B2t —1) + G (P20 Vomti -1 ])
ﬂ

‘pctn( EZB(}.:H( (k8 Xzmi- 1} drzn(fx 2n{kpVamkr-1
=1, (E [dan(l’:n(k): }’:m(k)} + dzzn(}"i'nl'k)+1j y:m"k)—l}])
Py tdﬁ;n[}:znﬂ:k}l}Iz?ﬂl:k:l::.-' da.:{.f 2nlK)+1 ¥ am (k- 1}J

i
= “Ptzn (E [dtzn(}SZﬂ(k}l yl‘m(k)} + dtzn(}""n(k)+11 }sz‘:k)—l}]J

Since Py
function, we get that,

is a non decreasing

1 n
%D{ g\ (B 112 mtk)}} [ {}":mjk}r”":m(k})‘*daJ)‘:mikHm}’:xuﬁk)-r}]

Taking again ® 7% in the above

1nequahty and using (15), (18) we find,

lirm uﬁ_ ll‘nxk}+1 ¥ k}l““ £

more T 20
Therefore, from (17) and (20) we

have, ‘

um da, (Vono 1 Vame ) = € 71

Taking * = ® in (19) and using (15),
f
(18), (21) and the continuity of we find Yay

and ¥=° , we get that,

We,(8) = W, (% =+ s}) — Pa,lE.8) = wzn(% (e + SJ)

Which implies that Paola2) g

— oy
hence =0 , a contradiction. Thus 2n} is a
Cauchy sequence and hence ) is a Cauchy
sequence. Since (x, U) sequentially complete
Hausdorff uniform space, there is * €X such
that,

lim ¥, = u

Therefore,

daYwu) 0 Va€d 22

From the sequentrally contrnurty of h
and k, we get,
lim A{y,) = hu

Therefore
d,(hiy,), =0 Vaed

The triangular inequality and (2)
yields,
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dﬂ(m- J‘! U:] 2 da[j’m.-h(mzm 1}}+ dt("'[flz?;l-f(mﬂ’} 1 di( f(mlﬂl-f Itl
dn(m‘ﬂu:l = fim(mrh('ﬂzm:’} t dm(ktgxzn}rg(’kx Enﬂ;;} + dm': R[USnH}.rQ“}

T A e, 24

From (2) and (22),

dlhxpgu) =0, dgifrpu) =0, VatEA

ﬂﬂ(;ﬂ is'iH..-':'::I + l]r du(ﬂxzm- H: = D- 25
The pair (i) and (g, k) is

compatible, then,

dr:(h(fxzﬂ}hf (PL‘!.' Eﬂ:\]i) +0, dn:(.k[gr Znt llrg(kl?.nl-l” =0 Vaed

Using the sequentially continuity of

f.a and (25), we have,

d!(f{hxi-}l}qu) =0, dﬂ(ﬁ(kxlﬂ-l-l]lgu} =4 Ya €4

Combining (23), (26) together with

(27) and taking ™ = % in (24), we obtain,
dn(hu, fu) =0, d, Uk, gu) = 0 Wer € .4

Which means that "+ /4

qu = 'im. So u is a coincidence point of
8 Rk,

and

REFERENCES

1. A. Amini-Harandi and H. Emami, 2010. A
fixed point theorem for contraction type
maps in partially ordered metric spaces
application  to  ordinary  differential
equations. Nonlinear Anal., 72: 2238-2242.

2. B.S. Choudhury, 2009. Unique fixed point
theorem for weak C- contractive mappings.
Kathmandu Univ. J. Sci. Eng. Tech., 5(1): 6-
13.

3. G.V.R. Babu, B. Lalitha and M.L. Sandhya,
2007. Common fixed point theorems
involving two generalized altering distance
functions in four variables. Proc. Jangeon
Math. Soc., 10: 83-93.

4. H. Ayadi, 2011. Coincidence and common
fixed point result for contraction type maps

10.

11.

12.

13.

14.

in partially ordered metric spaces. Int. J.
Math. Anal., 5(13): 631-642.

H. Ayadi, H.K. Nashine, B. Samet and H.
Yazidi, 2011. Coincidence and common
fixed point results in partially ordered cone
metric spaces and applications to integral
equations. Nonlinear Anal., 74: 6814-6825.
H.K. Nashine, B. Samet, 2011. Fixed point

results for mappings satisfying K ®).
weakly contractive condition in partially
ordered metric spaces. Nonlinear Anal., 74:
2201-2209.

I. Altun and H. Simsek, 2010. Some fixed
point theorems on ordered metric spaces and
applications. Fixed point theory and
applications, 2010 Article ID 621469: 17
pages.

J. Dugundji, 1966. Topology. Allyn and
Bacon, Massachusetts USA.

J.  Esmaily, S.M. Vaezpour, 2012.
Coincidence and common fixed point results
for generalized weakly C-contraction in
ordered uniform spaces. J. Basic. Appl. Sci.
Res., 2(4): 4139-4148.

J.L. Kelly, 1955. General topology. Van
Nostrand Princeton, New York.

K.P.R. Sastry and G.V.R. Babu, 1999. Some
fixed point theorems by altering distances
between the points. Indian J. Pure Appl.
Math., 30: 641-647.

M.S. Khan, M. Swaleh and S. Sessa, 1984.
Fixed point theorems by altering distances
between the points. Bull. Austral. Math.
Soc., 30(1): 1-9.

R.P. Agrawal, M.A. El-Gebeily and D.
O’Regan, 2008. Generalized contractions in
partially ordered metric spaces. Appl. Anal.,
87:109-116.

S.V.R. Naidu, 2003. Some fixed point
theorems in metric spaces by altering
distances, Czechoslovak Math. J., 53: 205-
212.

GJRR[1][1][2014]013-017





